Atiyah and Singer constructed a Frechet operator algebra ^ by closing a set of zero order pseudodifferential operators on a compact manifold X in the topology generated by all the norms of the spaces L(H S ), s real. Each operator in ^ has a 'symbol', a function in C(S*X). Contradicting a statement of Atiyah and Singer and establishing the manifold analogue of a conjecture by H. O. Cordes, it will be shown that each function in C(S*X) is the symbol of an operator in &^.
0. Introduction The algebra ^° was defined by Atiyah and Singer [1] as a subalgebra of the zero order pseudodifferential operators on the compact manifold X: they required the operator symbol p(x,ζ) to approach a limit along each ray in ^-direction. SP S is the closure of ^° in L(H S ), the space of bounded operators on the Sobolev space H s = H s ( X) for real s. &^ is obtained by closing ^° under the Frechet topology induced by all the L(ΛP)-norms. These definitions turn out to be equivalent to transferring the R" concept of H. O. Cordes and E. Hermann [2] , Ch. IV, [4] , to the case of a compact manifold. & S /K{H S ) is a commutative C*-algebra with unit (here K(H S ) denotes the ideal of compact operators). By the Gelfand-Naimark theorem it is therefore isometrically isomoφhic to the space of continuous functions on a compact Hausdorff space, which is known to be homeomorphic to S*X, the unit sphere in the cotangent bundle. The symbol of an operator A in 0> s is defined as the function corresponding to A + K (H S ). An interesting feature is that neither the symbols nor the symbol space depend on s.
Since ^ is contained in each 0> sy the symbols of its operators certainly form a subspace of C(S*X). In fact, for the somewhat different case X = R", H. O. Cordes and D. A. Williams [6] proved that at least all those functions are symbols, which are C 00 on the corresponding symbol space. Using a slightly modified version of Egorov's theorem and a technique developed by H. O. Cordes, Theorem 2.1 shows that for each function α in C(S*X) we can find an operator A in ^ with symbol α. This contradicts an assertion of Atiyah and Singer [1] , p. 513. They stated without proof that the symbol map from ^ to C(S*X) is not surjective.
1. Definitions and preliminary results. Throughout this paper X denotes a compact ^-dimensional manifold. We cover X by a finite set V p j = 1,..., N of coordinate neighborhoods which are mapped diffeomorphically onto open, relatively compact sets Uj in R n by charts χ jm We further choose a fixed partition of unity {φj} subordinate to {Vj} and functions ψ y e £&(Vj) with φ y ψ y = φ y . We choose a Riemannian metric g = (gjk)j 9 k-i 9 ...,n o n x a n d define 
, we will call a the operator symbol of A in order to avoid confusion with the "symbol" of A which will be defined in 1.4. (d) This concept is transferred to the manifold case in the usual way. In particular, we will write
by (%f)(y) = *j(χ?{y))f{χf(y)). the "~" means that the difference is a regularizing operator on R".
PROPOSITION, (a) On T*X, the cotangent bundle of X, a norm is defined by
where £ e T*X has the representation ξ = Σζjdχ J \ and χ stands for one of the coordinate maps χ .
(b) The Laplace-Beltrami operator on X is given in local coordinates by (b) By patching coordinate neighborhoods together, σ(p) is well-defined as a function on T*X -{0}. It is called the symbol of P. We will also write σ(P). This is justified by the following lemma which states the basic properties of these symbols. 
(d) o{pj) is homogeneous of degree 0 in £. (e) By patching together the coordinate neighborhoods with the partition of unity, o(p) is well-defined on T*X -{0}. (f) For A, B in &>°, t e C, we have σ(A + B) = σ(A) + σ(B) σ(AB) = σ(A)σ(B) σ(tA) = tσ(A) σ(A*)=σ(A).
In (
pj(x 0 ,tξ) did not approach a limit as t -> oo. By the usual simplifications we may assume that Pj is real-valued and that we have a sequence t v t 2 ,..., -> oo such that d x pj(x 0 , tξ 0 ) > 1 for k even and < -1 for k odd. Since d xx Pj is bounded on Uj X R n , there is a c > 0, such that the above inequalities also hold for all x with \x -x o \ < c. We conclude that
which is > c for k even and < -c for k odd. Hence one of the sequences on the left hand side cannot converge as k -> oo, contradicting our assumption. A similar argument now holds for all other derivatives.
To prove (ii), we first note that x,£))
by Lebesgue's theorem on dominated convergence, since d xx Pj is bounded and approaches a limit as t -> oo. Thus we can take the limit h -> 0 on the left hand side, and it equals zero. In the second inequality we used the fact that p* is in 5° (even in S" (g) By (f) we may assume that P e ^° has symbol zero. We have to show that P is compact. Using the fact that P -Op(/?), which is made up from a finite number of operators Op( pj) on R", we may confine ourselves to the case P = Op(/? y ), pj G S°(UJ X R n ) with σ(pj) = 0. Now choose a sequence of functions (h k ) k in @(R n ) with h k (ξ) = 1 for \ξ\ < k, and |A^α ) (|)| < 1 for all \a\ < n 0 , where n 0 is the constant in 1.2(a). We write
The first operator on the right hand side is regularizing, since it has compact support in both, x and £. In particular, it is compact, since X is compact. As for the second operator, we first note that (1 -h k 
This tends to zero as k -» oo: The closure C of the set {(x, £) e Lf X R": /?(jc, ξ) Φ 0, 1 < 1^1 < 2} is compact. Thus it can be covered by finitely many of the neighborhoods constructed in (c). This gives us a t 0 > 0 such that |D α /? 7 (jc, tξ)\ < ε for all (x,£) in the set C, / > t Q9 \a\ < n θ9 or \D a pj(x 9 ξ)\ < ε for all x e JT,, |ξ| > t 0 . Using the Calderon-Vaillancourt theorem, we see that the second operator on the right hand side tends to zero. Therefore, P is compact. 
THEOREM. @ S /K S is a commutative C*-algebra with unit for each real s. & S /K S = C(S*X), the space of continuous functions on the unit sphere in the cotangent bundle.
Proof. [1] , p. 512 or [8] . Since we know that σ(A) is homogeneous of degree 0, we may ignore this difference (cf. [1] , [8]) 1.11. DEFINITION. We consider the strictly hyperbolic time-independent pseudodifferential equation (1.2a) 3,w = iMu
(a) By S(t, s) we denote the operator on H k (X) taking g = u(s, •) to u(t, •) and by S(t) the operator S(t, 0).
(b) H is the Hamiltonian vector field on T*X induced by the principal symbol μ 0 of M, homogeneously extended to zero, cf. 1.3(e), (f): 9μ 0 8 3/x 0 9 \ (c) F t is the flow generated by H. For (JC 0 , ξ 0 ) in T*X we shall also write F t (x 0 , ξ 0 ) = (x t (x 09 ξ 0 ), ξ t (x θ9 £ 0 )) = (*» £,)- 
LEMMA, (a) The solution to equations (1.2) exists and is uniquely determined in H k (X). The operator S(t) is bounded on each H k (X), U k e R. (b) S(t + s 9 s) = S(t 9 0) = S(t) for all s 9 t. In particular, S(-t) = S(-t,0)
It is known that the solution to this ODE exists for small \t\ and can be continued to the boundary of R M X \J j X R n . Since \d x μ 0 (x 9 ξ)\ < const. (|) 1/2 for all (x, ξ) in Uj X R", ζ t cannot tend to infinity for finite t. Now F ί+tQ (x 0 , ξ 0 ) = F t (x tQ9 ξ tQ ) and μ 0 is invariantly defined on T*X (under changes of coordinates). So we can switch to another coordinate neighborhood in case x t approaches the boundary of Uj. We obtain a solution for all t e R. As for the estimate, we first derive on £/, X R"
(x,)' = x t x t /(x t ) = d^0(x,,^)x t /(x t ) = O((x t )) and
We may integrate this to obtain log«x,)/(*o» = 0(1), log«{,>/<{o» = 0(1).
with constants depending on the bounds for the derivatives of μ 0 and T. Hence we can keep the constants when switching from one coordinate patch to another and get the global estimate. The proof is broken down into a series of lemmata.
LEMMA. Let f e C°°(X) be fixed. Then the function H: R -> C°°(X), defined by H{t) = S(t)f is differentiate and

LEMMA. For A in (a) A(t) = S(-t)AS(t) e ^°, σ(^(0) = σ(A). (b) / •-> ^4(0 is differentiable from R mro ^° equipped with the L 0 -norm. d t A(t) = i[
Proof. Let ^4 -Op(α), / fixed. The principal symbol of ^4(0 is a° F t by 1.14. Pick (JC 0 , £ 0 ), ξ 0 # 0 in local coordinates, and choose any sequence p λ < ρ 2 < -> oowith ρ λ already so large that Lemma 1.15 is applicable.
Define 
S(t)f = iMS(t)f for arbitrary /GC°°(I). Thus d t A(t)f(x) = i[A(t), M]f{x) = i[A, M](t)f(x) and
•' o ' 
By estimating the ZΛnorm and letting h -> 0 we get d t A(t) = i[A 9 M](t).
This also leads to the desired statement on the symbol. 
-if A(t)s'(t)dt is in L(H°).
